Abstract: When using state plane coordinates or performing other geodetic computations, the ratio r/(r+h) is the elevation factor commonly used to reduce a horizontal distance to its sea level or ellipsoidal equivalent. In most cases, an approximation is used for the earth's radius while the value of elevation is usually much better known. That is as it should be. But the question examined in this paper is, "What is an acceptable approximation for the earth's radius and how accurately must the elevation be known to assure sufficient precision in the answer?" An equation that can be used to answer those questions is derived using concepts of error propagation.
horizontal distance either to sea level or, being more specific, to the ellipsoid using the 
EF = elevation factor, r = approximate radius of the earth and h = elevation of horizontal distance being reduced.
The question to be addressed is, "What is an acceptable approximation for the radius of the earth and how accurately must the elevation be known to assure adequate precision in the computed sea level or ellipsoidal distance?" Tools to answers those questions are developed from the following error propagation equation:
.... The intent of this article is not to stipulate using one value in preference to another, but to identify a reliable tool that can be used to evaluate the impact of approximations made by the user.
Elements:
The radius of the earth and the elevation of the horizontal distance are the two elements used to reduce a horizontal distance to sea level. It is left for the reader to decide which definition of horizontal distance will be used in the reduction. Of the various definitions of horizontal distance given in Burkholder (1991):
• HD(1), Figure 1a , is the simple right triangle component of slope distance. It is used extensively in practice and is sufficiently precise for many applications.
• HD(2), Figure 1b , is the tangent plane distance between plumb lines.
• HD(3), Figure 1c , is the chord distance between plumb lines. It's endpoints are at the same elevation and it is perpendicular to the plumb line only at the midpoint.
• HD(4), Figure 1c , is the arc distance between plumb lines at the same elevation as the endpoints of HD(3).
As shown in Burkholder (1991) , the differences between HD(2), HD(3), and HD (4) Notes with regard to the elevation factor elements are:
1. When computing the elevation factor, earth's radius is often taken to be 6,372,000 meters or 20,906,000 feet. Either value is acceptable and, as implied by rules of significant digits, is accurate to the nearest 1000 feet or 1000 meters.
2. The earth is not quite spherical, but flattened at the poles. Students of geodesy soon learn that the earth's radius in the north-south direction changes from a smaller value at the equator to a larger value at the poles. The geometrical mean radius of the earth at a given latitude is computed as: Figure 2 illustrates the relationship of horizontal distance, sea level distance and ellipsoid distance. It also shows that geoid height is the difference between the ellipsoid and sea level. Historical practice has included reducing horizontal distances to sea level, but when working with state plane coordinates, or other geodetic computations, it is more appropriate to reduce horizontal distance to the ellipsoid. Equation (6), derived in the next section, can be used to assist in deciding whether it matters if one uses ellipsoid height or orthometric height in computing the elevation factor. Additional material on elevations is found in Burkholder (2002) .
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Derivation:
The derivation involves taking the partial derivatives of the elevation factor (EF) with respect to each of the two variables, earth radius, r, and elevation, h. This means that a horizontal distance of 1000.000 feet reduced to the ellipsoid for these conditions computes to be 999.843 feet +/-0.00048 feet. Certainly the difference between horizontal and ellipsoid distance is significant, but the quality of the computed result does not appear to suffer significantly from using an approximate earth radius (+/-1,000 feet) and an elevation known only to the nearest 10 feet.
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Metric Example:
Assume: r = 6,372,000 meters +/-1,000 meters h = 1,000 meters +/-10 meters 
This means that a horizontal distance of 1000.000 meters reduced to sea level for these conditions computes to be 999.843 meters +/-0.0016 meters. Here too, the difference between horizontal and ellipsoid distance is significant, but the quality of the result does not appear to suffer significantly from using an approximate earth radius (+/-1,000 meters) and an elevation known only to the nearest 10 meters.
Note in both examples that the contribution of uncertainty due to earth radius (first term under the square root symbol) is much smaller than the contribution due to uncertainty of elevation. Also note, the examples are different in that a 10 meter uncertainty in elevation in the metric example is much larger than the 10 feet uncertainty for elevation in the English unit example. Table 2 Table 2 can be quite useful for general circumstances, a specific answer for any combination selected by the user is obtained using equation (6). 
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